We study Andreev bound states in a long shallow normal constriction, which is open to a superconductor at both ends. The interesting features of such setup include the absence of electron-hole symmetry and the interference of electron waves along the constriction. We compare results of a numerical approach based on the Bogoliubov equations with those of a refined semiclassical description. Three types of Andreev bound states occur in the constriction: i) one where both electron and hole wave part of the bound state propagate through the constriction, ii) one where neither electron nor hole wave part propagate, and iii) one where only the electron wave propagates. We show that in a wide energy region the spacing between the Andreev states is strongly modulated by the interference of electron waves passing the constriction.
I. INTRODUCTION 
Andreev bound states
1 occur in a normal metal system of finite size that is in contact with bulk superconductors. They exhibit complicated and sometimes counter-intuitive physics which depends much on disorder and electron scattering in the normal metal. The most adequate method of describing Andreev states in metals is a semiclassical one. 2 In many occasions the method can be reduced to a simple circuit theory.
3
A new challenge is presented by the fabrication of systems where the normal part is represented by a doped semiconductor. Typically, Andreev states are being formed in a two-dimensional electron gas. There are means to shape such a 2DEG in different ways forming controllabe constrictions. There are also means to provide conditions for ballistic transport of the electrons, so that they are scattered at the constriction boundaries only.
The Andreev states in such systems can also be addressed by the traditional semiclassical technique, see e.g. 4 However there are cases where this approach fails.
The point is that the traditional semiclassical approach essentially exploits an approximate electron-hole symmetry. This symmetry holds provided the superconducting energy gap ∆ exceeds a typical energy of the electrons. Recently it has been pointed out that this condition may fail in few-mode superconductor-semiconductor-superconductor constrictions.
5
If electron-hole symmetry does not hold, the problem should be adressed by means of the Bogoliubov equations that provide a strict quantummechanical treatment. The equations can be easily solved for a separable geometry. That is why the occurrence and character of Andreev bound states in a "straight" SNS junction are well understood. 6 A two-dimensional picture of such a system is shown in FIG. 1a . The simplicity of the problem comes from the simple shape of the boundaries.
As soon as the boundaries are curved, the geometry is not separable any more. The quantummechanical problem appears to become hardly solvable acquiring features of quantum chaos. In the present paper we present a simple model system where complications related to chaos may be lifted but the absence of the electron-hole symmetry plays an important role. We have chosen for a SNS junction with a constriction in the middle, schematically depicted in FIG. 1b. We assume the adiabaticity of the confining potential that allows to reduce the problem to a set of one-dimensional problems for non-mixing transverse modes. 7 We solve the one-dimensional Bogoliubov equations numerically. To understand the results, and the degree of their generality, we present in addition two semiclassical methods for the one-dimensional problem.
The paper is organized as follows. In Section II we derive the Bogoliubov equations for the adiabatic constriction. We specify the model in use and analyze related energy scales in Sec. III. We present a simple semiclassical picture of Andreev levels in the Sec. IV. A brief qualitative description of the results is given in Sec. V. The numerical results are presented and discussed in Sec. VI. We give concluding remarks in Sec. VII. An interpretation of the interference features found is given in Appendix A, along with the underlying semiclassical description.
II. THE BOGOLIUBOV EQUATIONS FOR THE MODEL CONSTRICTION
The Bogoliubov equations for a clean system with free electrons in the normal metallic part of the system can be written as 
The two-component wave function Ψ(r) describes quasiparticle excitations of the superconducting state, the energy E of those is being counted from the Fermi energy µ. The spatial dependence of the gap function ∆(r) remindes that we deal with an inhomogeneous system.
In the superconductors ∆(r) is assumed to be a complex constant, while in the normal part of the system ∆(r) = 0. We restrict ourselves to effectively two-dimensional systems. This is achieved technically by choosing the thickness w in one direction, let us say the z direction, such thath
by which transverse modes in the z direction are forbidden.
In the following derivation we go along the path proposed in 7 for normal constrictions. We assume that the boundary potential in the remaining transverse direction, the y-direction, is infinitely high, so that the wave function must be equal to zero at the transverse boundaries, which can be expressed by a sine function. The total wave function Ψ, which is now a function of two coordinates, then can be presented as the linear combination of the following
φ n being a two-component wavefunction. Substituting this form in Eq. (1) and taking the inner product with sin
) , one obtains the equations for the upper component
The corresponding equation for the lower component differs from Eq. (3) only by a minus sign of the left hand side. The components are decoupled, since in the constriction the superconducting gap parameter ∆ equals zero. For the time being we will work with a slowly varying transverse shape of the constriction, and assume that the terms containing derivatives d ′ (x) and d ′′ (x) can be neglected. After we have specified the system we will
give an estimate of these terms. In this approximation, the different transverse modes are uncoupled. Therefore we obtain the following equation for each mode
where we have defined an effective potential U(x) ≡h
) 2 , representing the transverse mode energy. The two-component wave function in the longitudinal direction of the system, φ n (x), assumes different forms in the different parts of the system. In the superconductor left of the normal metal it has the form
where
, d max being the width in the superconductor. Similarly, at the right hand side of the constriction this form becomes
Obviously, the labels L and R refer to the location of the superconducting part with respect to the constriction.
The above forms shall be used as boundary conditions for Eq. (4).
III. MODEL
The model constriction is depicted in FIG. 2 . The constriction is symmetric. To simplify numerical calculations, we choose the shape of the boundaries in such a way that the effective one-dimensional potential U(x) either remains constant of varies linearily. This choice has the advantage that the solutions of Eq. (4) can be readily expressed in terms of well-known Airy functions. The effective potential and the corresponding shape of the constriction,
The figure shows only half of the junction, the part in the negative x direction. The constriction is long so that Lk F ≫ 1. The constriction is shallow so that the top of the potential U max for a transverse mode of interest almost matches Fermi energy, U max ≈ µ.
We thus define δE ≡ µ − U max , |δE| ≪ µ. This is achieved by a proper choice of the width d t in the middle of the constriction. An important parameter is also L t , the length of the narrowest part of the constriction. The width reaches its maximum value
, which is at a distance L s from the superconductors.
Despite apparent simplicity of the model, it exhibits a variety of relevant energy scales.
We list them going from bigger ones to smaller ones. The biggest scale is obviously the Fermi energy itself, µ. Another important scale we obtain by considering electron reflection from one side of the top and disregarding existence of another side. Classically, the electron is fully transmitted at energies exceeding U max and fully reflected otherwise. Due to quantum effects, there is a smooth change from full reflection to full transmission that occurs within an energy interval E c . There is a related length scale x c that corresponds to minimal electron wavelength. We estimate the typical length scale x c and the energy scale E c by equating potential and kinetic energy: 
The typical traversal time for this part of the system is of the order ofh/E i1 . The wavevector at the top is considerably smaller, k top ≈ (mδE) 1 2 /h. This may lead to much longer traversal times through the top of the constriction. Substituting δE ≃ E c we obtain the corresponding
The third energy scale we obtain by estimating the energy counted from the top at which a few wavelengths match the length of the top,
The same energy scale E i3 determines when tunneling through the top becomes essential.
We see that 
for the two Airy functions Ai(x) and Bi(x), for three x values, at the beginning of the constriction, somewhere in the middle, and at the position where the narrowing has come to an end. Looking at the fourth term, and realizing that for our linear potential U(x) = tx + c the relation
′ 2 holds, we calculated the relative error
at the same positions as well. For the three points mentioned and for five different energies smaller than |∆| the average error in the first derivative appeared to be smaller than 0.01%, and the error in the second derivative was even a factor of 10 3 smaller. It could be concluded, that the omitted terms are really negligible.
IV. SEMICLASSICAL ANDREEV STATES
Let us start by presenting a semiclassical picture of Andreev states in the simplest case where electrons and holes are either fully transmitted or fully reflected from the potential U(x). We count energies of the states from the chemical potential. We denote δE ≡ µ−U max .
We assume no phase difference between superconductors. The Andreev state with positive energy E is made of electron waves with energies E and −E, those we call "electrons" 
for the electron and hole part of φ n (x) respectively, where k ± = 2m(µ − U(x) ± E)/h. We begin our discussion with the case I. In this case, an electron travelling from left to the right builds up a phase of
The electron undergoes Andreev reflection and returns as a hole, and the wave function gains the additional phase φ A = acos(E/∆), see Eqs. (5) and (6) . The hole builds up a phase of
After Andreev reflection at the left side, the particle has made a complete roundtrip. The quantization condition is that the phase gain is a mupliple of 2π, that is
Differentiating Eq. (10) with respect to E gives an approximate relation for the energy difference between adjacent Andreev states,
where we have introduced semiclassical times of travelling from the one interface to the other one, for electrons and holes respectively,
and made use of semiclassical relation between the travelling time and the derivative of the quantummechanical phase with respect to the energy. If there are many bound Andreev states, their typical spacing shall be small being compared to ∆, so that T el,hole ≫h/∆.
Since the derivative of the Andreev phase is of the order of 1/∆, the second term in the right hand side of Eq. (11) can be disregarded and
This suggests a presentation of our numerical results: we will plot the energy spacing times the travelling time as a function of the state energy. For the sake of symmetry we will use
where Even a short glance at our numerical results proves that the picture based on the Eqs. (9) and (10) is oversimplified. In the following section we present a more sophisticated picture, which accounts for the oscillating phenomena, found from the full solution of the Bogoliubov equations (4).
V. QUALITATIVE RESULTS
Now we are in the position to present a concise summary of our qualitative results.
Relevant parameters that determine the behaviour of the Andreev states are their energy It is relatively easy to comprehend the situation in the region IIIa. There, the holes are completely reflected from the top and the transmitted and reflected waves do not interfere.
They do interfere for electron components. This results in a regular modulation of spacings between Andreev states, which we call electron oscillations. We present in an Appendix a detailed theory of this effect. Here we give a final relation for "energy spacing times travelling time" Θ(E), see Eq. (A13):
R being the energy-dependent reflection coefficient from the edge of the constriction middle and φ b being a linear function of energy,
electron oscillation encompasses many Andreev states, of the order of E i1 /E i2 .
In the region Ia the situation is almost the opposite. Here, those are holes that are strongly reflected from the top. The electrons go at higher energy and are being transmitted much better. So one expects interference of holes only. We will call this phenomenon hole oscillations. Due to the slow decrease of the reflection coefficient mentioned above, the remaining interference of electrons is substantial. Therefore, the hole oscillations are not as regular as the electron ones. Also, the oscillation period is set by the inverse of the time for electrons to travel through the top, T el alternating spacing of Andreev states in the region Ia.
In the region Ib both electrons and holes exhibit reflections, and the interference picture thus becomes complicated and at best quasi-periodic. We will call this irregular oscillations.
The visible quasi-period is E i1 again. It arises as a result of interference of two reflections, one for the electron component and another for the hole one. These reflections are coupled by an Andreev process. One would not see such period in the interference picture of a normal electron.
All these three types of oscillations are seen in our numerical results. Another effect of the reflection is that the degeneracy between Andreev states is lifted. For our symmetric setup, the Andreev states can be either even or odd, that is, symmetric or antisymmetric with respect to x → −x.
VI. NUMERICAL RESULTS
For numerics, we choose the transverse dimensions in such a way that only six modes can pass the constriction. For the sixth mode, the Fermi level matches the potential in the middle of the constriction and |δE| ≪ µ. We note that from now on ∆ is chosen to be a real constant, since we assume no phase difference between the superconductors. If δE = 0 only the electron can pass the constriction. As soon as δE < −∆ no transmission occurs for the waves forming Andreev states. Since the interesting phenomena occur for the sixth mode and for not too big values of δE/∆, we will show results for δE/∆ taking values 10, 2, 1, 0.5, 0, -0.5, -1 and -2 only.
Most calculations were done using a gap value of 4 × 10 −5 µ, which is sufficiently small to achieve the semiclassical limit under investigation.
In order to get a feeling for the system properties we first show the Andreev states spectrum for all modes and the two system lengths L = 7 × 10 4 k F support one bound state each, while for the three times longer system two bound bound states are found. The energies of these states are plotted with the circles.
The energy separation for the lower modes is approximately E i1 , which is of the order of ∆ choosen. The wavefunctions of corresponding states easily pass the middle part of the constriction and their energies do not depend on δE, being very large for these states.
Because they do not exhibit any interesting behavior we do not pay further attention to the first five modes. We just mention, that in all results to be displayed the Andreev approximation is made at the two SN interfaces. In the exact treatment the degeneracy of the two Andreev states with the two opposite propagation directions is lifted, and one ends up with two standing waves, a symmetric and an antisymmetric one. We calculated the exact energies for the five states depicted in FIG. 6 by filled circles, and found a splitting of the order of 10 −10 µ, which is negligible indeed.
More states are found for the sixth mode. Since they traverse the top, their energy separation is determined by E i2 ≫ E i1 rather than E i1 . We begin the discussion with respectively. This is why for four times larger gap four times more states and oscillations are found.
We remind that up to now all calculations were done with the length of a flat part in the middle equal to 10% of the system length, L t = 0.1 L. We also show in FIG. 11 the results for much shorter flat part length L t = 10 −3 L. Six states are found, three odd states and three even states. For these parameters, the constriction middle is so short that E i2 ≫ E i1 , and the spacing is of the order of E i1 ≈ 0.37∆. This is why the Andreev states for the 
VII. CONCLUSIONS AND PROSPECTS
In conclusion, we present here a theory of Andreev states for a shallow long adiabatic constriction. The system differs from traditional models of S-N-S junctions by the absence of electron-hole symmetry and exhibits at least four disctict energy scales that determine the interference of the components of Andreev states. Such constrictions can be possibly realized in semiconductor heterostructures.
We have started with a completely semiclassical approach to the states and reached in the first approximation a good agreemement with exact solutions of Bogoliubov equations.
On the top of this, the exact Andreev levels may exhibit three distinct types of oscillating behavoir. These oscillations arise from interference of the transmitted and reflected waves in the middle of the constriction. We have extended the semiclassical theory to account for this interference and were able to reach quantitative agreement with numerical results.
In this paper, we assumed no phase difference between the superconductors. It would be interesting to calculate the Andreev states in the presence of such phase difference and finally find the supercurrent in the structure. It is already clear that the supercurrent would exhibit an interesting dependence on controllable system parameters, in particular, on δE.
This makes such calculation interesting in view of possible experiments.
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APPENDIX A: INTERFERENCE OF ANDREEV STATES
The shape of the oscillations can be understood in quasiclassical terms if the interference of the waves is taken into account. The configuration of the system and the parameters used are shown in FIG. 14.
To evaluate the quantization condition, we consider the amplitude of the wave that starts propagating from point X, goes all the way through the constriction and gets back to the same point. The starting point can be chosen arbitrarily. Each part of the trajectory contributes a factor of the form e iφ to the amplitude. The phases φ 1 , φ 2 and φ 4 are shown in the figure, φ 3 is the propagation phase from B to C, and φ 5 is the phase from D to X. If there is no reflection at A, B, C and D Amplitude = e iφ 1 e iφ 2 e iφ 3 e iφ 4 e iφ 5 = 1,
in which the second equality is the condition for an Andreev bound state. This quantization condition can be written as
Using the symmetries
one can write down the equality 
in which the second equality is the quantization condition. The quantity A AD is the amplitude to get from A to D and is given by
Again using the phases φ b and φ t , solving Eq. (A5) for A AD , and using Eq. (A6), one obtains the symmetric form
in which z (1) and z (2) are defined by
We now study the general expression (A7) using simplifying assumptions. If we disregard scattering phases and their energy dependence we can write
R being the reflection coefficient. By that we find, that z (1,2) = −1 and the quantization condition (A7) becomes
which is equivalent to
For the energy derivative this gives
We rewrite this using our definition of Θ and obtain the desired expression, see Eq. (14), 
